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Abstract. In this paper, we use the inverse mean curvature flow to 
prove a sharp Minkowski type inequality for hypersurfaces in the Schwarzschild 
manifold. 



1. Introduction 

The Schwarzschild manifold is an n-dimensinal (n > 3) manifold M = 
[so,oo) X S^~^ equipped with the metric 

where m > is a constant, sq is the unique positive solution of 1 — 2msQ~" = 
and g^n-i is the canonical round metric on the unit sphere §"~^. We define 
the function / = \/l — 2ms2~". The Schwarzchild metric is asymptotically 
flat, that is the sectional curvature of {M,g) approach zero near infinity. 
In fact, by a change of variable, the Schwarzschild manifold {M'^^g) can be 
expressed as M" \ {0} equipped with the conformal metric 



m 

1 + -r-r- 

2b 



4 

n-2 



where g'^n is the flat Euclidean metric. Moreover, the scalar curvature of 
(M, g) equals to zero (see ^ . 

A hypersurface S in (M, g) is said to be mean convex if its mean curvature 
H is positive everywhere on S. In this paper, we prove the following sharp 
inequality for mean convex and star-shaped hypersurface in (M, g) (see ^ 
for the definition of star-shaped). 

Theorem 1. Let Ti he a closed mean convex and star-shaped hypersurface 
in the Schwarzchild manifold {M,g). Then 

[ fHdfx >in- l)LOn-i f (^)S^ - 2m) , (2) 
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where Wn-i is the area of the unit sphere S" C M** and \ T,\ is the area ofTi. 
Moreover, equality holds if and only i/S is a coordinate sphere {s} x S"^-*^. 

Recall that the boundary dM = {sq} x is called the horizon of the 
Schwarzchild manifold, its area is equal to \dM\ = SQ^^a;„_i. Since sq is 
the unique positive solution of 1 — 277150"" = 0, we have 

2m = {- -)"-^. 

Therefore ^ is equivalent to the following inequality (compare with Theo- 
rem 1 in [3j) 

r —L- / n-2 n-2\ 

/ fHd^i >{n- IXI} f - \dM\—\ . (3) 

The classical Minkowski inequality for convex hypersurface S in M" states 
that 

y ii'd/i> (n-l)a;^|S|S^. (4) 

This was generalized by Guan and Li [8j to a mean convex and star-shaped 
hypersurface using the inverse mean curvature flow. By letting 777 — )■ 0, the 
Schwarchild metric reduces to the Euclidean metric g = ds"^ + s^5§n-i and 
the potential / becomes / = 1. Thus Theorem [1] recover the Minkowski 
inequality ^ for mean convex and star-shaped hypersurface S in M". Note 
that Huisken's recent work [11] showed that the assumption star-shaped 
in [8] can be replaced by outward-minimizing. 

Our result is motivated by the recent work of Brendle,Hung and Wang [3], 
where they proved a sharp Minkowski-type inequality for mean convex and 
star-shaped hypersurfaces in Anti-deSitter-Schwarzchild manifold (which is 
asymptotically hyperbolic near infinity), by using the inverse mean curva- 
ture flow. The inverse mean curvature flow has many applications in ge- 
ometry and general relativity, see, e.g. [HHl[8l[T2 t[T5HT7] . We first establish 
a convergence result for mean convex and star-shaped hypersurface in the 
Schwarzchild manifold. Note that Huisken and Ilmanen [12j considered the 
weak solution of the inverse mean curvature flow in asymptotically flat man- 
ifold (in a level-set formulation), which includes the Schwarzchild manifold 
as a special case. In this paper we consider the smooth solution in the notion 
of Gerhardt's work (see [6j). We show that under the inverse mean curvature 
flow, if the initial hypersurface Sq is mean convex and star-shaped, then the 
flow hypersurface converges to a large coordinate sphere as t — )• 00. Then 
we define a quantity 

Q{t) = \T.tr^^ {^j^ fHdflt + 2(77 - l)777W„„i^ , 

and show that Q{t) is monotone decreasing along the inverse mean cur- 
vature flow. Thus we could compare the initial value Q{0) with the limit 



MINKOWSKI TYPE INEQUALITY 3 

lim inf (_s.oo Q{t)- Fortunately, we could get a lower bound of this limit 

1 

liminf >{n- 

From this we can complete the proof of Theorem [1] easily. 

Acknowledgment. We would like to thank Professor Ben Andrews for his 
interest and helpful comments. 

2. Preliminaries 

In this section, we collect some facts about the Schwarzchild manifolds 
and star-shaped hyper surf aces. 

2.1. Schwarzchild metric. By a change of variable, the Schwarzchild met- 
ric (dl) can be written as 

g = dr^ + X^{r)gsn-i, (5) 

where A(r) satisfies 

A'(r) = ^/T^^2^i^J^. 

Let 9 = {0^},j = !,••• , n — 1 be a coordinate system on and dgi be 
the corresponding coordinate vector field in M. Let dr be the radial vector. 
By a direct calculation (see for example [H] ) , the curvature tensor of (M, g) 
has the following components 

1 - A'^ 

Rijkl = idikdjl - diWjk) 

-tiirjr — ^ 9ij ) 

where I < i, j,k,l < n - 1 and gij = gidgt.dQ,) = X'^ggn-i{dgi,dg3) = X^aij. 
Other components of the curvature tensor are equal to zero. Noting that 

^ = 2mA-", = -m(n-2)A-". (6) 

A A 

By a further calculation, we have the Ricci curvature of {M,g) 

f, a-A'2 A"\ , ^/l-A'2 A"\ , 2 

Ric = [{n - 2)^^ - —J 5 - (n - 2) [—^ + dr^ 

=m{n - 2)A""g - mn{n - 2)A""dr2 (7) 
and the scalar curvature 

R={n-l)[{n-2)^ =0. (8) 

On the other hand, by the definition of /, we have / = A' = VT^-"2mA^~". 
In the sequel, we denote by V, and A the gradiant, Hessian and Laplacian 
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operator on {M,g). We can compute the Hessian of /: 

\'\" \'\" 
—9 + (A'" - ^)dr' 

=m{n - 2)A-"A'5 - mn{n - 2)\-''\' dr"^ (9) 

Thus we have 

A/ = (n-l)^ + A"' = 0. (10) 

Combining ([7]), ([9]) and ([TO]) , we conclude that / satisfies the following static 
equation: 

(A/)5 - + = 0. (11) 

2.2. Star-shaped hypersurface. We say a hypersurface S in (M, g) is 
star-shaped if {driv) > on S. A star-shaped hypersurface could be pa- 
rameterized by a graph 

^ = {{r{e),e):e e^""-^} 

for a smooth function r on As in [3l[5l[7], we define a function tp on 

§"-1 by 

where <I>(r) is a positive function satisfying $'(r) = 1/A(r). Define 



v = ^l + \Dip\ 



2 

§n-l ) 



where D denotes the Levi-Civita connection on S""^. Let = {0^^,j = 
1, • • • , n — 1 be a coordinate system on S""^. The unit normal vector of this 
hypersurface could be written as 

1 r-J' 
V A^ 

We can express the metric and second fundamental form of E as following 

(see mwn) 

gij = X^iaij + (pi(pj), (12) 
A' A 

hij = -^gij ^ij, (13) 

vX V 

where ^pi, ipij are covariant derivatives of 99 with respect to the metric g^n-i. 
After lifting the indice j, we have 

K = l^ (A'5i - Vfc.) , (14) 



where a^^ = a^^ — '^^^ with tp^ = a^^ip^. The mean curvature H then has 
the form 



^ ^ (n-l)A^-a-^ 
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3. Inverse mean curvature flow 

In this section, we consider the inverse mean curvature flow in the Schwarzchild 
manifold, which is a family X : T, x [0, T) — )• (M, g) satisfying 

dtX = ^u, (16) 

where is the unit outward normal and H is the mean curvature of St = 
X{Ti,t). If the initial hypersurface is star-shaped and mean convex, the short 
time existence result implies the flow exists on a maximum time interval 

[o,r). 

Let di,i = 1, 2, • • • , n — 1 be coordinate vector fields on St. Denote by 
Qij and hij the components of the first and second fundamental form, by 
H = g^^hij the mean curvature and = hikhijg^'' g^^ the squared norm 
of the second fundamental form, by x = {^dr-.v) the support function and 
by d^t the area element on St. We first collect the evolution equations for 
various geometric quantities under the inverse mean curvature flow. 

Lemma 2 (Evolution equations). Under the flow (jl6p . we have 

^tg^J =2H-^hij, (17) 

dtdnt =dnt, (18) 

2 - 1 - 1 

+ Jpd'''^ a'^'^h'^Rmisl + -Jpd^ g^'^Kl' Rmksl + -Jp9^'' g^'^h^R-rnksi 

+ -^Rfciv, i^)hl + -^g^^g^' {VkRuisi + ViRuksi) (20) 

^ (21) 

dtx~Ax+^-^X-^Ri'c{u,dk){Xdr,dj)g'K (22) 

where V and A are gradient and Laplacian operator with respect to the 
induced metric on the flow hypersurface St. 

Proof. The evolution equations for the metric, area element, unit normal 
and the second fundamental form can be calculated in a standard way as 
in [lOj . we omit the argument here. For the support function, we have 

dtX = dtiXdr, ^) = ^ + ■^{>^dr, VH), 

where we used the conformal property of the vector fleld Xdr (see [2|) and 
()19p . On the other hand, by using the conformal property of Xdr again and 
the Codazzi equations, we have 

Vix = {Xdr,h'idk) 
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and 

v.ViX =x'K, - h'^hk.x + {Xdr,Vjh'idk) 

=X'hij - h^hkjx + {Xdr,V^hijdk) + +{Xdr,Ryiijd^dk) . 
Thus we obtain 

Ax = X'H - \AW + {Xdr,VH)+Rrc{u,di){Xdr,dk)g'''. 
Then (j22p follows from combining the above equations. □ 



We could use the evolution equation (|22|) of the support function to show 
that under the inverse mean curvature flow, the evolved hypersurface 
remains star-shaped. 

Lemma 3. Under the inverse mean curvature flow (jl6p . the evolved hyper- 
surface Tit remains star-shaped if T,q is star-shaped. 

Proof. From the expression ([7]) of Ricci curvature of the Schwarzchild man- 
ifold and the evolution equation (p2|) of the support function, we have 

1 Up 1 

dtx = j^^X + -j^X + j^mn{n - 2)X-''\dJ\\, (23) 

where 

n-l 

k,j=l 

is squared norm of the tangential part d]^ of the radial vector dr ■ Since x > 
on the initial hypersurface Sq, in view of the inequality \A\'^ > H"^ /{n — 1) 
and using the parabolic maximum principle, we conclude that 

t 

X > e"-i minx > 
So 

which implies the star-shapedness of Sj. □ 

The flow equation (|16p is often called the parametric form of the flow. 
Since each T,t is star-shaped, it can also be represented as a graph 

St = {(r(0,t),^) i^gS"-!} 

Then the flow equation is equivalent to the following non-parametric form 
of the flow (cf. [SEllZ!) 

^ = -. (24) 
dt H ^ ^ 

The speed function jj depends on r, Dr, D^r. It is easy to see that the 

flow equation (p^ is parabolic. In deed, as in section [2] we define (p{6,t) = 

^{r{6,t)) with <I>(r) is a positive function satisfying <I>'(r) = 1/A(r). Then 

n rij X'rjrj 



A' A A2 

and we have 

(n - 1)A' _ a^^ _ X'rirj 



i/ = A:i-^-^(r.,-^). (25) 
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Thus 

d , V ^ a*-' 



which is nonnegative definite and therefore ()24p is parabohc. 
Lemma 4. Let ri,r2 be constants such that 

ri < r{9) < r2 

holds on the initial hypersurface Sq. Then on Y^t we have the estimate 

\{n)e^ < Xir{e,t)) < A(r2)e^, V t £ [0,T). 

Proof. Let Sri,i = 1,2 be coordinate spheres {ri} x We solve the 

inverse mean curvature flows with initial hypersurface respectively. If 
the initial hypersurface is a coordinate sphere, the inverse mean curvature 
flow becomes a scalar flow: 

dr _ 1 _ A 
dt'H' (n - 1)A'' 

where we used that the principal curvatures of a coordinate sphere are A'/A. 
Then 

dX A 



dt n — 1 

t 

From this we deduce that A(rj(t)) = A(rj(0))e"-i . By the parabolic maxi- 
mum principle, we have 

ri{t) <r{0,t) <r2{t), te[0,T). 

Since A' > 0, we also have 

A(ri(t))<A(r(0,t))<A(r2(t)). 

The assertion follows from the above inequality. □ 

t 

Lemma 5. There is a constant Ci > such that He^^-^ < Ci. 
Proof. From the evolution equation (|2ip of H, we have 



dtH^ = - 2HA— - 2\Af - 2Ric{u, u). 
H 



Using Ric{u,u) = 0{X = 0(e "-i) and the inequality 

1 

n — 1 



\A\^ > -^—H^, 



we obtain that 



dt ~ n-1 ^ ' 



From this, the assertion follows easily. □ 
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To estimate the lower bound of H, by the definition of we have 

dip V 1 

where the function 

XH _ {n - 1)X' - a^^ipij 



(26) 



F 



V 



The flow equation (|26p is also parabolic. 

t 

Lemma 6. There is a constant C2 > such that He^-^ > C2. 
Proof. If we differentiate (j26p with respect to t, we obtain 



So from (l6l) we have 



^{dt(p)ma.y. <0. 



Noting that dt^p = jjj and t> > 1, we obtain that 

\H>C>0, 

The assertion follows from the above inequality and by using Lemma |H □ 

For the first space derivatives of (p, we have the following estimate. 

Lemma 7. There is a constant /? > such that \Dip\§n~i < 0{e~^*). 

Proof. Let uj = i|L>(/?|g„_i. We can computet as lemma 8 in [3J to obtain 
the evolution of lo: 

a'^ 1 dF a'^ 

2(n - 2) 2(n - 1)A" 
By Lemma [Hand Lemma [5l there is a constant /3 > such that 

So from (111) we have 



'^max ^ 2/3 ti-'max) 

at 

which implies the Lemma. □ 

Next, we will estimate the second fundamental form of Sj. We define the 
tensor M by (see [HlllB]) 

Ml = Hh{. 
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Combining the evolution equations ()20p . ()2ip . and using the fact that the 
Schwarzchild metric is asymptotically flat (see §2) and lemma IH we have 

-^,MfMi+\^0{e-^^) + o[e-"^^% (27) 

If on the time interval considered we have an uniform bound Hq < H < Hi 
for the mean curvature, by Hamilton's maximum principle for parabolic 
system [9], we can bound the largest eigenvalue ^n-i of M above by the 
solution of the following ODE 

d 2 2 V ^/ -s^s , - 

-^ = -^c, +^0(e -) + o(e 

So that and then the largest principal curvature of have a 

uniform upper bound depending on H\ and Hq. Since the mean curvature 
is bounded from below, it follows that the full second fundamental form is 
bounded by 

\A\<C{n,HQ,Hr). (28) 
In view of the mean curvature estimate in Lemma [5] and Lemma [6l we have 
the long time existence of the inverse mean curvature flow. 

Proposition 8. The solution of the inverse mean curvature flow is defined 
on [0, oo). 

Proof. Let [0, T) be the maximum time interval of existence for the smooth 
solution of the inverse mean curvature flow. If T < oo, then Lemma [5] and 
Lemma [6] imply that 

Cae"^ <H<Ci. 

From (|28|) . we know that the second fundamental form of T,t is bounded 
for t ^ T. Then the regularity results of Krylov [H] and the short time 
existence theorem imply that we can extend the solution smoothly beyond 
T, contradicting with the maximum of T. So we conclude that T must be 
oo. □ 

Finally we show that the solution Tit converges to a large coordinate sphere 
as t — )■ oo. Let us define 

A = Ae"^. (29) 

Then A satisfies 

a^A = ^e-^-^A (:=F), (30) 
H n — I 

where we denote the right hand side of (jljUp by F. By lemma |H the fam- 
ily A(-,t) is uniformly bounded. By lemma [5] and lemma [U \dt\\ is also 
uniformly bounded. Noting that 

Xij = (A"A^ + XX''^)e''^ipiipj + XX'e^^ifij (31) 
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and the expression (fT5]) of we deduce that 

dF _ a^^ 

which is positive definite and therefore (j30p is parabohc. Moreover, from 
lemma [5l lemma [6] and lemma [TJ we conclude that (jSOp is uniformly para- 
bolic. 

By lemma [71 DX decays exponentially fast: 

D~X = L>Ae"^ = X'Xe'^Dip = 0{e'^^). (32) 

Thus A converges to a positive constant A uniformly. From the regular- 
ity estimate of Krylov |14i §5.5], the second derivatives of A are uniformly 
bounded in C'''". Using the interpolation theorem we deduce that D^X also 
decays exponentially fast. In view of ()3ip and lemma HI lemma El we have 
|D^99| = 0{e~^*) for some constant /3 > 0. 

By (I12p and lemma [71 the metric of St satisfies 

e "-ifl'jj A aij (33) 
exponentially fast. From the expression (jl4p of /i^, we have 

- H\ = i\- m - ^^'Vfc^ = 0{e-P'') (34) 

for a positive constant (3' = min{2/3,/3}. This implies that Y^t converges to 
a large coordinate sphere as t — )• oo. 



4. Proof of Theorem [T] 

In this section, we follow a similar argument in [3J to prove Theorem [TJ 
We define the quantity 

Q{t) = (^j^ fHdfit + 2(n - l)mw„_i^ , 

where \T,t\ is the area of S^. We first show that Q{t) is monotone decreasing 
under the inverse mean curvature flow. 

Proposition 9. Under the inverse mean curvature flow (I16p . the quantity 
Q{t) is monotone decreasing in t. 

Proof. As the proof of Proposition 19 in [3], we flrst have 
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and equality holds if and only if is totally umbilical. For convenience of 
reader, we include the proof of (f35]l here. 



/ fHdiJt= [ {dtfH + fdtH + fH)dfit 

< ((V/, v) + fBTci^u, u)) + "^fHj dfit, 

(36) 

where we used > H"^ /{n — 1) in the last inequality. Using the identity 
A/ = A/ - V2/(i^, i^) - H{\If, v) and (Il0]),([II]), we have 

Af + fRrc{iy,u) = -H{Vf, v). 

Substituting this into (i36]l gives (f35]l . If equality holds in (i35]l . then = 
H"^ /n — 1 and is totally umbilical. 

Let Of denote the region bounded by St and the horizon dM. Using the 
divergence theorem and noting that A/ = 0, we get 

/ (V/, i')dyLt = I Afdvol + 171(71 — 2)uJn-i 

=m(n — 2)uJn-i 
which is a constant. Thus we obtain 

^ (^^ fHdfit + 2{n - l)mun^i^ < (^^ fHdfn + 2(n - . 



area of | St | satisfies ^ | Sf | = | St I . So we conclude that 



On the other hand, from the evolution (jlSp of the area element dfit, the 

d 



equality holds if and only if (j35|) assumes equality and then St is totally 
umbilical. □ 

Once we obtain the monotonicity of Q{t), we need to investigate the limit 
of Q{t) as t — )• 00. 

Proposition 10. We have 

1 

liminf Q(t) >{n- 



Proof. From the expression ()12p of the metric g and lemma \7\ the area 
element dfit satisfies 

dfit = A"~^(l + 0(e-2^*))dfo/§u-i, 
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Then we have 



n — 2 



= ^ ^ X'-Uvoh^-.J (l + 0{e-^^')') . (37) 

On the other hand, 

/ = Vl - 2mA2-" = 1 - mA^-" + 0(A^-2n)_ 
By the expression (llSp of the mean curvature H and the exponentiahy decay 

of 

V V 

=n - 1 + 0(e-^*) 
for some positive constant 7 = min{2/3,/3, ^^}- So we have 

/ fHdnt ={n - 1) / X^'-^dvok^-i (1 + 0(e-^*)) . 
Then we obtain 



(38) 



hminfQ(t) >(n- l)hminf — ^ — (39) 

Since A = Ae "-1 converges to a constant A, there exists a positive func- 
tion e{t) such that hmt_!.oo e(i) = and 

A-e<A<A+e 

or equivalently 

- t - t 

(A - e)e"-i < A < (A + e)e"-i 

when i is sufficiently large. So we conclude that 

hminf Q(t) > (n - liminf(i^)"-2 = (n - l)a;^, (40) 

which completes the proof. □ 
Proof of Theorem\^ Since Q{t) is monotone decreasing in t, we have 



Q(0) > liminf Q(t) > (n - iXz^. 



Thus we obtain 



/ fHd^xt + 2(n - l)mw„_i > (n - l)6j;ii | Si | ^ 

which is equivalent to ([2]). If the equality holds in (l2|), then Q{t) is a con- 
stant in t. From the proof of Proposition [U the hypersurface Sq is totally 
umbilical. It follows from the Codazzi equations that Ric{v^ei) = for any 
tangent vector fields Cj. Since m > 0, the expression ([7]) of Ricci curvature 
implies that the radial vector dr is either parallel or orthogonal to the unit 
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normal vector u of Sq. By the star-shapedness of Sq, dr is parallel to v at 
each pomt of So and then So is a coordinate sphere {s} x 

□ 
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